The angular diameter distance of lens, D Aol , of strong gravitational lensing systems has been claimed as a cosmic standard ruler. The first measurements for this distance were recently obtained to two well-known systems: B1608+656 and RXJ1131-1231. However, there is a range of possible systematic uncertainties which must be addressed in order to turn these systems into useful cosmic probes. In this paper, we confront D Aol with luminosity distances of type Ia supernovae and angular diameter distances of galaxy clusters to search for tensions between these cosmological measurements using the cosmic distance duality relation. No tension was verified with the present data, showing the robustness of the assumptions used to describe the lens systems.
I. INTRODUCTION
Gravitational lensing is a important effect arising from Einstein's theory of general relativity, where, in simple words, mass bends light. The most extreme bending of light occurs in the so-called strong gravitational lenses, which happens when a very massive object act as lens of an aligned source object. In this case more than one image of the source will be detected by the observer (a complete discussion on this effect can be found in Schneider Cosmological parameters can be inferred from strong gravitational lensing observation through different quantities. A known quantity is the Einstein radius, which varies with cosmological models via the ratio of angular diameter distances (ADD) between lens/source and observer/source. It occurs when the source (s), the lens (l) and the observer (o) are so well aligned that the observer source direction (Schneider, Kochanek & Wambsganss 2006) . Another one is the so-called time-delay measurement, ∆t, caused by the difference in length of the optical paths and the gravitational time dilation for the ray passing through the effective gravitational potential of the lens (Refsdal 1964; Schneider et al. 1992; Schneider et al. 2006; Treu 2010; Suyu et al. 2010 ). This quantity depends on the angular diameter distances between observer and lens, observer and source, and lens and source, such as ( 
where θ and β are the positions of the images and the source respectively, z l is the lens redshift, and Ψ is the effective gravitational potential of the lens. The quantity
is so-called time-delay distance, D A∆t . These measurements, ∆t or D A∆t , are more sensitive to the Hubble constant, H 0 , than other cosmological quantities since each of the ADD is proportional to the in- As a new approach, Paraficz & Hjorth (2009) , by using simulated data, showed that a cosmic standard ruler can be constructed from the joint measurement of the time-delay between gravitationally lensed quasar images and the velocity dispersion (σ 2 ) of the lensing galaxy. In other words, these authors showed that one can obtain the ADD between observer and lens, D Aol , from the ratio ∆t/σ 2 , getting more cosmological information from the time-delay lenses (see next section). The main advantage of this technique is being independent of the source redshift. In this line, by using a mock sample, Jee et al. (2015) showed that the combination of the classical time-delay distance, D ∆t , with the D Aol breaks the degeneracy between the curvature of the Universe and the time-varying equation of state of dark energy, improving significantly the cosmological constraints from lens observations.
On the other hand, the uncertainty in D Aol is expected to be dominated by the velocity dispersion uncertainty and there is a range of possible systematic uncertainties which must be addressed when the lens system is modeled by an singular isothermal sphere (SIS) density profile, such as: velocity anisotropy, the fact of dynamical masses obtained under the assumption that mass follows light do not match with the masses of strong gravitational lens systems of similar velocity dispersions , opening a new window to observational cosmology. These authors considered a more realistic model to describe the strong lens systems by taking into account an arbitrary power-law profile (Cao et al. 2015 ) and the effect of an external convergence.These authors also explored the impact of anisotropic velocity dispersion as well as the isotropic case.
In this paper, by considering that the results of observational cosmology in the last years have opened up an unprecedented opportunity to investigate and compare different observational data and look for any systematic in them, we confront the D Aol 's obtained to the B1608+656 and RXJ1131-1231 systems with luminosity distance,D L , of type Ia supernovae (SNe Ia) and ADD of galaxy clusters obtained via their Sunyaev-Zeldovich effect (SZE) (Sunyaev & Zeldovich 1972 ) and X-ray observations. More precisely, we verify if the data sets obey the so-called cosmic distance duality relation (Etherington 1933),
The paper is organized as follows: in section II we describe the method to obtain the distances to the lensing systems under study. In sec. III we show the approaches used in our analyses and the details of the SNe Ia and galaxy clusters samples. In section IV the results are presented and we finalize the paper in section IV with the conclusions.
II.
D Aol 'S TO THE B1608+656 AND RXJ1131-1231 SYSTEMS
The B1608+656 is a four-image gravitational lens system formed by a pair of interacting lens Cd galaxies with z l = 0.6304 and an extended source at z s = 1.394 (see −γ (for SIS model γ = 2) and the effect of an external convergence in their analyses. By considering an isotropic velocity dispersion and spherical symmetry, the D Aol 's obtained to the B1608+656 and RXJ1131-1231 systems were, respectively: 1485.7 ± 208 Mpc and 813.33 ± 105.75 Mpc, corresponding to a total uncertainty of 14% and 13%. The uncertainty in the inferred distance is dominated by the velocity dispersion error, while the effect of external convergence cancels out when dividing the time delays and velocity dispersion measurements. The factor γ of the power-law profile obtained were: 2.08 ± 0.03 and 1.95 +0.05 −0.04 . In the follows, since the spherical density profile and isotropic velocity dispersion hypothesis were assumed, we present our two methods to check the robustness of the D Aol 's obtained to the B1608+656 and RXJ1131-1231 systems.
III. METHODS
We verify the robustness of the D Aol 's obtained to the B1608+656 and RXJ1131-1231 systems by using the validity of the cosmic distance duality relation (CDDR),
This relation is valid when source and observer are connected by null geodesics in a Riemannian spacetime and the number of photons is conserved. Recently, several authors have used similar approach to search some inconsistency between other cosmological data, such as, baryon acoustic oscillations, SNe Ia, galaxy clusters, cosmic expansion rate (H(z)) and gravitational Since three kind of astronomical observations are used in this paper, we divide our analyses in two methods:
-Method I: we use D L 's of SNe Ia and the two D Aol 's to verify the consistency them with the CDDR validity,
As SNe Ia data we use the Union 2.1 SNe Ia sample (Suzuki et al. 2012) , an update of the original Union compilation (Amanullah et al. 2010 ) that comprises 580 data points in the redshift range 0.015 < z < 1.43. In Fig. (1a) we plot the Union 2.1 SNe Ia data.
However, in order to verify the CDDR with present data, we need SNe Ia with the identical redshifts to the lens systems. In our analysis, we follow the approach proposed by Meng et al. (2012) and Holanda & Barros (2016) : for each i-lens system, we obtain one distance modulus,μ, and its error, σ 2 µ , from all i-SNe Ia with |z li − z SN ei | ≤ 0.005. As stressed by those authors, this criterion allows us to have some SNe Ia for each lens system and so we can perform a weighted average with them in order to minimize the scatter observed on the Hubble diagram [see fig. 1(a) ]. The weighted average is obtained by:μ
In this way, the luminosity distance, D L , to each i-lens system from SNe Ia data is obtained from: In this case, when a third degree polynomial fit is performed, the additional term is compatible with zero. In both methods, the 1σ error from polynomial fits is given by:
+2 ∂D 
IV. RESULTS
The results of our analyses are plotted in figures (2a) and (2b). In fig. (2a) we plot the results from method I. We estimate the quantity D L /D Aol and obtain to B1608+656 and RXJ1131-1231, respectively: 1.9 ± 0.25 and 2.31±0.32, at 1σ, in full agreement with the standard CDDR, 1 + 2z + z 2 , plotted on the blue line. The results from method II are plotted in figure (2b) . In this case we estimate η obs = D c A /D Aol . We obtain to B1608+656 and RXJ1131-1231, respectively: η obs = 1.046 ± 0.074 and η obs = 0.955 ± 0.108. In both methods, the error bars are obtained simply by the trivial error propagation technique. The results are given at 1 σ c.l. and they are in full agreement with CDDR validity. Our results show that the spherical geometry and isotropic velocity dispersion hypotheses to B1608+656 and RXJ1131-1231 systems are completely reasonable. It is important to comment that the CDDR was tested recently by using another quantity from strong lensing systems: the Einstein radius. Holanda 
V. CONCLUSIONS
In the last twenty years, observational cosmology has become an exciting area in astronomy. Probes in several research areas has brought a unprecedented quantity and quality of data. For instance, the SNe Ia are limited by the systematic errors rather than statistical. So, the variety of current astronomical data provide not only the possibility of constraining cosmological parameters but also of testing some fundamental hypotheses in cosmology. However, a different route can be performed, which is to use fundamental hypotheses as guarantee in order to search some tension between observational data.
In this paper we have followed this last approach to explore a new standard ruler, the angular diameter distance (ADD) to the lens in gravitational lensing systems, which has been recently proposed. We have taken the cosmic distance duality relation (CDDR), D L (1 + z) −2 /D A = 1, as valid and confronted the ADD to lens, D Aol , in two strong lens systems, namely, B1608+656 and RXJ1131-1231, with luminosity distances to SNe Ia, D L , and ADD to galaxy clusters, D c A . This is a important task given the many hypotheses used to describe mainly the lens systems and galaxy clusters (see sections II and III). As results, we have shown that by using the two 
